This paper studies global and semi-global regulated state synchronization of homogeneous networks of nonintrospective agents in presence of input saturation based on additional information exchange where the reference trajectory is given by a so-called exosystem which is assumed to be globally reachable. Our protocol design methodology does not need any knowledge of the directed network topology and the spectrum of the associated Laplacian matrix. Moreover, the proposed protocol is scalable and achieves synchronization for any arbitrary number of agents.
n × n zero matrix; sometimes we drop the subscript if the dimension is clear from the context.
To describe the information flow among the agents we associate a weighted graph G to the communication network. The weighted graph G is defined by a triple (V, E, A) where V = {1, . . . , N } is a node set, E is a set of pairs of nodes indicating connections among nodes, and A = [a i j ] ∈ R N ×N is the weighted adjacency matrix with non negative elements a i j . Each pair in E is called an edge, where a i j > 0 denotes an edge ( j, i) ∈ E from node j to node i with weight a i j . Moreover, a i j = 0 if there is no edge from node j to node i. We assume there are no self-loops, i.e. we have a ii = 0. A path from node i 1 to i k is a sequence of nodes {i 1 , . . . , i k } such that (i j , i j+1 ) ∈ E for j = 1, . . . , k − 1. A directed tree is a subgraph (subset of nodes and edges) in which every node has exactly one parent node except for one node, called the root, which has no parent node. The root set is the set of root nodes. A directed spanning tree is a subgraph which is a directed tree containing all the nodes of the original graph. If a directed spanning tree exists, the root has a directed path to every other node in the tree.
For a weighted graph G, the matrix L = [ i j ] with i j = N k=1 a ik , i = j, −a i j , i j, is called the Laplacian matrix associated with the graph G. The Laplacian matrix L has all its eigenvalues in the closed right half plane and at least one eigenvalue at zero associated with right eigenvector 1 [4] . Moreover, if the graph contains a directed spanning tree, the Laplacian matrix L has a single eigenvalue at the origin and all other eigenvalues are located in the open right-half complex plane [17] .
II. P Consider a MAS consisting of N identical dynamic agents with input saturation:
where x i ∈ R n , y i ∈ R q and u i ∈ R m are the state, output, and the input of agent i = 1, . . . , N, respectively. Meanwhile,
with sat(w) is the standard saturation function:
sat(w) = sgn(w) min (1, |w| The network provides agent i with the following information,
where a i j 0 and a ii = 0. This communication topology of the network can be described by a weighted graph G associated with (2) , with the a i j being the coefficients of the weighted adjacency matrix A. In terms of the coefficients of the associated Laplacian matrix L, ζ i can be rewritten as
We refer to this as partial-state coupling since only part of the states are communicated over the network. When C = I, it means all states are communicated over the network and we call it full-state coupling. Then, the original agents are expressed as
and ζ i is rewritten as
Obviously, state synchronization is achieved if
For homogeneous MAS such as in this paper, almost all papers considered state synchronization without imposing requirements on the synchronized trajectory. However, for heterogenous agents, it has been shown in [34] , [5] that we basically need to consider regulated state synchronization where the objective of the agents is to ensure that their state asymptotically tracks a reference trajectory generated by a socalled exosystem. Although we consider homogeneous MAS, we will study regulated state synchronization in this paper.
The reference trajectory is generated by the following exosystem
x r = Ax r y r = C x r .
with x r ∈ R n . Our objective is that the agents achieve regulated state synchronization, that is
for all i ∈ {1, . . . , N }. Clearly, we need some level of communication between the exosystem and the agents. We assume that a nonempty subset C of the agents have access to their own output relative to the output of the exosystem. Specially, each agent i has access to the quantity
By combining this with (3), we have the following information exchangeζ
Meanwhile, for full-state coupling case (9) will change as
To guarantee that each agent can achieve the required regulation, we need to make sure that there exists a path to each node starting with node from the set C . Therefore, we define the following set of graphs.
Definition 1 Given a node set C , we denote by G N C the set of all graphs with N nodes containing the node set C , such that every node of the network graph G ∈ G N C is a member of a directed tree which has its root contained in the node set C .
Remark 1 Note that Definition 1 does not require necessarily the existence of directed spanning tree.
In the following, we will refer to the node set C as root set in view of Definiton 1. For any graph G N C , with the Laplacian matrix L, we define the expanded Laplacian matrix as:
which is not a regular Laplacian matrix associated to the graph, since the sum of its rows need not be zero. We know that Definition 1, guarantees that all the eigenvalues ofL, have positive real parts. In particular matrixL is invertible.
In this paper, we also introduce an additional information exchange among protocols. In particular, each agent i = 1, . . . , N has access to additional information, denoted byζ i , of the formζ
where ξ j ∈ R n is a variable produced internally by agent j and to be defined in next sections. First, we formulate the following problem for global regulated state synchronization of a MAS. (1) and (2) and the associated exosystem (6) . Let a set of nodes C be given which defines the set G N C . Let the associated network communication be given by (9) .
Problem 1 Consider a MAS described by
The scalable global regulated state synchronization problem with additional information exchange of a MAS is to find, if possible, a dynamic protocol for each agent i ∈ {1, . . . , N }, using only knowledge of agent model, i.e. (A, B, C), of the form:
whereζ i is defined in (11) with ξ i = H c x i,c , and x c,i ∈ R n c , such that regulated state synchronization (7) is achieved for any N and any graph G ∈ G N C , and for all initial conditions of the agents x i (0) ∈ R n , all initial conditions of the exosystem x r (0) ∈ R n , and all initial conditions of the protocols x c,i (0) ∈ R n c .
Next, we adopt semi-global framework to achieve regulated state synchronization by utilizing only linear protocols. (1) and (2) and the associated exosystem (6) . Let a set of nodes C be given which defines the set G N C and let the associated network communication be given by (9) .
Problem 2 Consider a MAS described by
The scalable semi-global regulated state synchronization problem with additional information exchange of a MAS is to find, if possible, a parametrized linear dynamic protocol with parameter ε ∈ (0, 1] for each agent i ∈ {1, . . . , N }, using only knowledge of agent model, i.e. (A, B, C) , of the form:
whereζ i is defined in (11) with ξ i = E c x i,c , and x c,i ∈ R n c , such that, for any given arbitrarily large compact sets S a ∈ R n , S e ∈ R n and S c ∈ R n c , and for any N and any graph G ∈ G N C , there exists an ε * such that, for all ε ∈ (0, ε * ] regulated state synchronization (7) is achieved for all initial conditions of the agents in the set S a , all initial conditions of the exosystem in the set S e , and all initial conditions of the protocols in the set S c .
Remark 2
In the case of full-state coupling, matrix C = I and we refer to Problems 2 and 1 withζ i as (10), scalable semi-global and global regulated state synchronization problems for MAS with full-state coupling.
III. S
In this section, we will consider the scalable global regulated state synchronization problem for a MAS with input saturation via scheduling (adaptive) design for both networks with full-and partial-state coupling.
A. Full-state coupling
In this case, the following nonlinear protocol is designed for each agent i ∈ {1, . . . , N },
where P ρ is the unique solution of
and ε( χ i ) is defined as
Note that [41] implies that P ρ is increasing in ρ while P ρ → 0 as ρ → 0. The agents communicate ξ i which is chosen as ξ i = χ i , therefore each agent has access to the following information:ζ
whileζ i is defined by (10) .
Then, the synchronization result based on adaptation is stated in Theorem 1. (4) satisfying Assumption 1, and the associated exosystem (6) . Let a set of nodes C be given which defines the set G N C . Let the associated network communication be given by (10) .
Theorem 1 Consider a MAS described by
Then, the scalable global regulated state synchronization problem as stated in Problem 1 is solvable. In particular, the adaptive nonlinear dynamic protocol (14) , (15) , and (16) solves the regulated state synchronization problem for any N and any graph G ∈ G N C . Proof of Theorem 1: Firstly, letx i = x i − x r , we have
Let e i =x i − χ i . According to (16) , it yields by construction that u i does not get saturated, i.e., σ(u i ) = u i , then, we can obtain
By defining e = e 1 . . . 
for a non-singular transformation matrix T, where (20) is upper triangular Jordan form with A−λ i I for i = 1, · · · , N −1 on the diagonal. Since all eigenvalues of A are in the closed left half plane, A − λ i I is stable. Therefore, all eigenvalues of I ⊗ A −L ⊗ I have negative real part. Therefore, we have that the dynamics for e i are asymptotically stable. We choose the following Lyapunov function:
with ε α = ε(x i − e i ). Assume V i is non-increasing. Then we have dV i dt 0
On the other hand, if V i is increasing then ε α is nonincreasing, which implies that P ε α is non-increasing. Meanwhile, we have
with P ε α satisfying (15) . Since e i is the state of an asymptotically stable system, there exist z 1 , z 2 , z 3 such that
for suitable β 1 (t), β 2 (t) ∈ L 1 , and β 1 (t), β 2 (t) ≥ 0, and
Therefore, V i (t) is bounded which implies ε α is bounded away from zero. Remains to show that V i → 0. From [18, Lemma 6.1], we get
Meanwhile, if V i is non-increasing we can derive, similar to our early analysis (22) , that
But then we can prove that whether V i is increasing or decreasing we always have
withα is a constant and lower bound of ε α 1+k andβ =β 1+k ∈ L 1 . Clearly, that implies V i → 0
B. Partial-state coupling
For partial-state coupling, we design the following adaptive nonlinear protocol for each agent i ∈ {1, . . . , N }.
where K is a pre-design matrix such that A − KC is Hurwitz stable. P ε(χ i ) is the unique solution of (15) with ρ = ε( χ i ) where ε( χ i ) is defined as (16) . In this protocol, the agents 
whileζ i is defined via (9) . Then, we obtain the synchronization result based on adaptation as the following theorem.
Theorem 2 Consider a MAS described by (1) satisfying Assumption 1, and the associated exosystem (6) . Let a set of nodes C be given which defines the set G N C . Let the associated network communication be given by (9) .
Then, the scalable global regulated state synchronization problem as stated in Problem 1 is solvable. In particular, the adaptive nonlinear dynamic protocol (23) , (15) , and (16) solves the scalable regulated state synchronization problem for any N and any graph G ∈ G N C .
Proof of Theorem 2: Similar to Theorem 1, letx i = x i − x r . We also definex = x 1 . . .
According to (16) , it yields by construction that u i does not get saturated, i.e., σ(u i ) = u i . By defining e =x − χ and e = (L ⊗ I)x −x, we can obtain
Since all eigenvalues of A − KC and I ⊗ A −L ⊗ I have negative real part, we obtain dynamics of e andē are all asymptotically stable. Then, we just need to prove the stability of
with e i and e i in L 1 . Then, similar to the proof of Theorem 1, the synchronization result can be obtained.
IV. S -
In this section, we will consider the scalable semi-global regulated state synchronization problem for a MAS with input saturation for networks with full-and partial-state coupling.
A. Full-state coupling
We will design a parametrized linear dynamic protocol with parameter ε ∈ (0, 1] for agent i ∈ {1, . . . , N } as follows.
where P ε is the unique solution of the following ARE
Note that [19] implies that (28) , has a unique solution for any ε > 0 and P ε → 0. The protocol requires the additional informationζ i as (17), whileζ i is defined by (10) . Our formal result is stated in the following theorem.
Theorem 3 Consider a MAS described by (4) satisfying Assumption 1, and the associated exosystem (6) . Let a set of nodes C be given which defines the set G N C . Let the associated network communication be given by (10) .
Then, the scalable semi-global regulated state synchronization problem as stated in Problem 2 is solvable. In particular, for any given compact sets S a ∈ R n , S e ∈ R n and S c ∈ R n , and for any N and any graph G ∈ G N C , there exists ε * > 0 such that, for any ε ∈ (0, ε * ], the dynamic protocol (27) and (28) solves the scalable regulated state synchronization problem.
Proof: Due to the lack of space, the proof is provided in the extended version of the paper (See [9] ).
B. Partial-state coupling
Now, we consider the case via partial-state coupling. We design a parametrized linear dynamic protocol with parameter ε ∈ (0, 1] for agent i ∈ {1, . . . , N } as follows.
where K is a pre-design matrix such that A − KC is Hurwitz stable and P ε is the unique solutions of (28) . Moreover, the agents communicate ξ i = ξ T i1 , ξ T i2 T = χ T i , u T i T , i.e. each agent has access to additional informationζ i = ζ T i2 ,ζ T i2 T as (24) and (25), whileζ i is defined via (9). Then we have the following theorem for MAS via partialstate coupling.
Theorem 4 Consider a MAS described by (1) satisfying Assumption 1, and the associated exosystem (6) . Let a set of nodes C be given which defines the set G N C . Let the associated network communication be given by (9) .
Then, the scalable semi-global regulated state synchronization problem as stated in Problem 2 is solvable. In particular, for any given compact sets S a ∈ R n , S e ∈ R n , and S c ∈ R 2n , and for any N and any graph G ∈ G N C , there exists ε * > 0 such that, for any ε ∈ (0, ε * ] the dynamic protocol (29) and (28) solves the scalable regulated state synchronization problem.
